A graph is hypohamiltonian if it is not Hamiltonian, but the deletion of any single vertex gives a Hamiltonian graph. Until now, the smallest known planar hypohamiltonian graph had 42 vertices, a result due to Araya and Wiener. That result is here improved upon by 25 planar hypohamiltonian graphs of order 40, which are found through computer-aided generation of certain families of planar graphs with girth 4 and a fixed number of 4-faces. It is further shown that planar hypohamiltonian graphs exist for all orders greater than or equal to 42. If Hamiltonian cycles are replaced by Hamiltonian paths throughout the definition of hypohamiltonian graphs, we get the definition of hypotraceable graphs. It is shown that there is a planar hypotraceable graph of order 154 and of all orders greater than or equal to 156. We also show that the smallest hypohamiltonian planar graph of girth 5 has 45 vertices.
Introduction
A graph G = (V, E) is called hypohamiltonian if it is not Hamiltonian, but the deletion of any single vertex v ∈ V gives a Hamiltonian graph. The smallest hypohamiltonian graph is the Petersen graph, and all hypohamiltonian graphs with fewer than 18 vertices have been classified [1] : there is one such graph for each of the orders 10, 13, and 15, four of order 16, and none of order 17. Moreover, hypohamiltonian graphs exist for all orders greater than or equal to 18.
Chvátal [2] asked in 1973 whether there exist planar hypohamiltonian graphs, and there was a conjecture that such graphs might not exist [3] . However, an infinite family of planar hypohamiltonian graphs was later found by Thomassen [4] , the smallest among them having order 105. This result was the starting point for work on finding the smallest possible order of such graphs, which has led to the discovery of planar hypohamiltonian graphs of order 57 (Hatzel [5] in 1979), 48 (C. Zamfirescu and T. Zamfirescu [6] in 2007), and 42 (Wiener and Araya [7] in 2011). These four graphs are depicted in Figure 1 . Grinberg [8] proved a necessary condition for a plane graph to be Hamiltonian. All graphs in Figure 1 have the property that one face has size 1 modulo 3, while all other faces have size 2 modulo 3. Graphs with this property are natural candidates for being hypohamiltonian, because they do not satisfy Grinberg's condition. However, we will prove that this approach cannot lead to hypohamiltonian graphs of order smaller than 42. Consequently we seek alternative methods for finding planar hypohamiltonian graphs. In particular, we construct a certain subset of graphs with girth 4 and a fixed number of 4-faces in an exhaustive way. This collection of graphs turns out to contain 25 planar hypohamiltonian graphs of order 40.
In addition to finding record-breaking graphs of order 40, we shall prove that planar hypohamiltonian graphs exist for all orders greater than or equal to 42 (it is proved in [7] that they exist for all orders greater than or equal to 76). Similar results are obtained for hypotraceable graphs, which are graphs that do not contain a Hamiltonian path, but the graphs obtained by deleting any single vertex do contain such a path. We show that there is a planar hypotraceable graph of order 154 and of all orders greater than or equal to 156; the old records were 162 and 180, respectively [7] .
T. Zamfirescu defined C i k and P i k to be the smallest order for which there is a planar k-connected graph such that every set of i vertices is disjoint from some longest cycle and path, respectively [9] . Some of the best bounds known so far were C ≤ 14694, which were found based on a planar hypohamiltonian graph on 42 vertices [7] . We improve upon these bounds using our graphs to C The paper is organized as follows. In Section 2 we define Grinbergian graphs and prove theorems regarding their hypohamiltonicity. In Section 3 we describe generation of certain planar graphs with girth 4 and a fixed number of 4-faces, and show a summary of hypohamiltonian graphs found among them. In Section 4 we present various corollaries based on the new hypohamiltonian graphs. The paper is concluded in Section 5.
Grinbergian graphs
Consider a plane hypohamiltonian graph G = (V, E), and let κ(G), δ(G), and λ(G) denote the vertex-connectivity, minimum degree, and edgeconnectivity of G, respectively. We will use tacitly the following fact.
Proof. Since the deletion of any vertex in V gives a Hamiltonian graph, we have κ(G) ≥ 3. Tutte [10] proved that every 4-connected planar graph is Hamiltonian, so κ(G) ≤ 3. Thomassen [11] showed that V must contain a vertex of degree 3, so δ(G) ≤ 3. The result now follows from Whitney's Theorem [12, Theorem 4.1.9].
The set of vertices adjacent to a vertex v is denoted by N (v). Let n = |V |, m = |E|, and f be the number of faces of the plane graph G. They satisfy Euler's formula n − m + f = 2. A k-face is a face of G bounded by k edges. We define
and let P j be the family of k-faces with k ∈ I j . 
We call a graph Grinbergian if it is 3-connected, planar and of one of the following two types.
Type 1 Every face but one belongs to P 2 .
Type 2 Every face has even order, and the graph has odd order.
The motivation behind such a definition is that Grinbergian graphs can easily be proven to be non-Hamiltonian using Grinberg's Theorem. Namely, their face sizes are such that the sum in Grinberg's Theorem cannot possibly be zero. Thus, they are good candidates for hypohamiltonian graphs.
Our definition of Grinbergian graphs contains two types. One could ask, if there are other types of graphs that can be guaranteed to be non-Hamiltonian with Grinberg's Theorem based on only their sequence of face sizes. The following theorem shows that our definition is complete in this sense. Theorem 2.3. Consider a 3-connected simple planar graph with n vertices (n ≤ 42) and F i i-faces for each i. Then there are non-negative integers 
where f is the number of faces. Thus, the average face size is at most 6 − (12/f ). In addition, the size of a face has to be smaller than or equal to the number of vertices in the graph.
Given a sequence of face sizes F i , the problem of finding coefficients f i , f i that satisfy the equation can be reduced to a simple knapsack problem. Namely, note that
, so solving the equation corresponds to solving an instance of the knapsack problem where we have F i objects of weight 2(i − 2), and we must find a subset whose total weight is i (i − 2)F i . The result can be then verified with an exhaustive computer search over all sequences of face sizes that fulfill the above restrictions.
It should be noted that the result in Theorem 2.3 most likely holds for all n, but for our purposes it suffices to prove it for n ≤ 42. By Grinberg's Theorem, Grinbergian graphs are non-Hamiltonian. Notice the difference between our definition and that of Zaks [13] , who defines nonGrinbergian graphs to be graphs with every face in P 2 . We call the faces of a Grinbergian graph not belonging to P 2 exceptional. Theorem 2.4. Every Grinbergian hypohamiltonian graph is of Type 1, its exceptional face belongs to P 1 , and its order is a multiple of 3.
Proof. Let G be a Grinbergian hypohamiltonian graph. There are two possible cases, one for each type of Grinbergian graphs.
Type 1: Let the j-face F be the exceptional face of G (so j / ∈ I 2 ), and let v be a vertex of F . Vertex v belongs to F and to several, say h, faces in P 2 . The face of G − v containing v in its interior has length 3h + j − 2 (mod 3), while all other faces have length 2 (mod 3). Since G is hypohamiltonian, G − v must be Hamiltonian. Thus, G − v cannot be a Grinbergian graph, so 3h + j − 2 ∈ I 2 , whence j ∈ I 1 .
Type 2: As G contains only cycles of even length, it is bipartite. A bipartite graph can only be Hamiltonian if both of the parts have equally many vertices. Thus, it is not possible that G − v is Hamiltonian for every vertex v, so G cannot be hypohamiltonian and we have a contradiction.
Hence, G is of Type 1, and its exceptional face is in P 1 . Counting the edges we get 2m ≡ 2(f −1)+1 (mod 3), which together with Euler's formula gives 2n = 2m − 2f + 4 ≡ 2f − 1 − 2f + 4 ≡ 0 (mod 3), so n is a multiple of 3.
Lemma 2.5. In a Grinbergian hypohamiltonian graph G of Type 1, all vertices of the exceptional face have degree at least 4.
Proof. Denote the exceptional face by Q. Now assume that there is a vertex v ∈ V (Q) with degree 3, and consider the vertex w ∈ N (v)\V (Q). (Note that N (v) \ V (Q) = ∅, because G is 3-connected.) Let k be the degree of w. Now consider the graph G obtained by deleting w from G. Denote the number of vertices in the faces of G that contain w by
. The number of vertices in the face of G containing w in its interior is now m = i (N i − 2) ≡ 0 (mod 3). Assume that G is Hamiltonian. The graph G contains only faces in P 2 except for one face in P 1 and one in P 0 . The face in P 1 and the face in P 0 are on different sides of any Hamiltonian cycle in G , since the cycle must pass through v. The sum in Grinberg's Theorem, modulo 3, is then (m − 2) + 1 ≡ 2 (mod 3) or −(m − 2) − 1 ≡ 1 (mod 3), so G is non-Hamiltonian and we have a contradiction.
In Section 3, we will use these properties to show that the smallest Grinbergian hypohamiltonian graph has 42 vertices.
Generation of 4-face deflatable hypohamiltonian graphs
We define the operation 4-face deflater denoted by FD 4 which squeezes a 4-face of a plane graph into a path of length 2 (see Figure 2 ). The inverse of this operation is called 2-path inflater which expands a path of length 2 into a 4-face and is denoted by PI 2 . In Figure 2 each half line connected to a vertex means that there is an edge incident to the vertex at that position and a small triangle allows zero or more incident edges at that position. For example v 3 has degree at least 3 and 4 in Figures 2a and 2b , respectively. The set of all graphs obtained by applying PI 2 and FD 4 on a graph G is denoted by PI 2 (G) and FD 4 (G), respectively.
Let D 5 (f ) be the set of all simple connected plane graphs with f faces and minimum degree at least 5, which can be generated using the program plantri [14] . Let us denote the dual of a plane graph G by G * . We define the 
(1)
It should be noted that applying PI 2 to a graph increases the number of both vertices and 4-faces by one. Then, we can filter M 
The function H 4 f (n) can be defined for n ≥ 20 because the minimum face count for a simple planar 5-regular is 20 (icosahedron). Also it is straightforward to check that f ≤ n−20 because
To test hamiltonicity of graphs, we use depth-first search with the following pruning rule: If there is a vertex that does not belong to the current partial cycle, and has fewer than two neighbours that either do not belong to the current partial cycle or are an endpoint of the partial cycle, the search can be pruned. This approach can be implemented efficiently with careful bookkeeping of the number of neighbours that do not belong to the current partial cycle for each vertex. It turns out to be reasonably fast for small planar graphs.
Finally, we define the set of 4-face deflatable hypohamiltonian graphs denoted by H 4 (n) as:
Using this definition for H 4 f (n), we are able to find many hypohamiltonian graphs which were not discovered so far. The graphs found on 105 vertices by Thomassen [4] , 57 by Hatzel [5] , 48 by C. Zamfirescu and T. Zamfirescu [6] , and 42 by Wiener and Araya [7] Proof. As G is a simple 3-connected graph, the dual G * of G is simple, too. Let G ∈ FD 4 (G) and assume to the contrary that G * is not simple. If G * has some multiedges, then the fact that G * is simple shows that either the two faces incident with v 1 v 5 or with v 3 v 5 in Figure 3b 
Also, if G * has a loop, with the same discussion, we can assume that the two faces incident with v 1 v 5 are the same but then v 1 would be a cut vertex for G. Therefore, both having multiedges or having loops violate the fact that G is 3-connected. So the assumption that G * is not simple is incorrect, which completes the proof. 
Results
We present one of the planar hypohamiltonian graphs of order 40, discovered by us in Figure 4 , and the other 24 in Figure 8 . Proof. We first show that the graph is non-Hamiltonian. Assume to the contrary that the graph contains a Hamiltonian cycle, which must then satisfy Grinberg's Theorem. The graph in Figure 4 contains five 4-faces and 22 5-faces. Then
where f 4 + f 4 = 5. So f 4 = 1 and f 4 = 4, or f 4 = 4 and f 4 = 1. Let Q be the 4-face on a different side from the four others.
Notice that an edge belongs to a Hamiltonian cycle if and only if the two faces it belongs to are on different sides of the cycle. Since the outer face of the embedding in Figure 4 has edges in common with all other 4-faces and its edges cannot all be in a Hamiltonian cycle, that face cannot be Q.
If Q is any of the other 4-faces, then the only edge of the outer face in the embedding in Figure 4 that belongs to a Hamiltonian cycle is the edge belonging to Q and the outer face. The two vertices of the outer face that are not endpoints of that edge have degrees 3 and 4, and we arrive at a contradiction as we know that two of the edges incident to the vertex with degree 3 are not part of the Hamiltonian cycle. Thus, the graph is nonHamiltonian. Finally, for each vertex of the graph, Figure 5 shows a cycle omitting the vertex. [7] note that a result in [16] generalizes as follows, with the same proof. Wiener and Araya use this operation to show that planar hypohamiltonian graphs exist for every order greater than or equal to 76. That result is improved further in the next theorem. Wiener and Araya [7] further prove that there exist planar hypotraceable graphs on 162 + 4k vertices for every k ≥ 0, and on n vertices for every n ≥ 180. To improve on that result, we make use of the following theorem, which is a slight modification of [17, Lemma 3.1]. Proof. The result follows from the proof of [17, Lemma 1] and the fact that the construction used in that proof (which does not address planarity) can be carried out to obtain a planar graph when all graphs G i are planar. The graphs considered in this work have girth 4. In fact, by the following theorem we know that any planar hypohamiltonian graphs improving on the results of the current work must have girth 3 or 4. Notice that a planar hypohamiltonian graph can have girth at most 5, since a planar hypohamiltonian graph has a simple dual, and the average degree of a simple plane graph is less than 6. Proof. The program plantri [14] can be used to construct all planar graphs with a simple dual, girth 5, and up to 45 vertices. By checking these graphs, it turns out that only a single graph of order 45 is hypohamiltonian. That graph, which has an automorphism group of order 4, is shown in Figure 7 . Let H be a cubic graph and G be a graph containing a cubic vertex w ∈ V (G). We say that we insert G into H, if we replace every vertex of H with G − w and connect the endpoints of edges in H to the neighbours of w. Proof. The first of the four inequalities follows immediately from Theorem 4.1. In the following, let G be the planar hypohamiltonian graph from Fig. 4 .
For the second inequality, insert G into Thomassen's graph H from [16, p. 38] . This means that each vertex of H is replaced by G minus some vertex of degree 3. Since every pair of edges in H is missed by a longest cycle [18] , in the resulting graph G any pair of vertices is missed by a longest cycle. This property is not lost if all edges originally belonging to H are contracted.
In order to prove the third inequality, insert G into K 4 . We obtain a graph in which every vertex is avoided by a path of maximal length.
For the last inequality, consider the graph H from the second paragraph of this proof and insert H into K 4 , obtaining H . Now insert G into H . Finally, contract all edges which originally belonged to H . 
Conclusions
Despite the new planar hypohamiltonian graphs discovered in the current work, there is still a wide gap between the order of the smallest known graphs and the best lower bound known for the order of the smallest such graphs, which is 18 [1] . One explanation for this gap is the fact that no extensive computer search has been carried out to increase the lower bound.
It is encouraging though that the order of the smallest known planar hypohamiltonian graph continues to decrease. It is very difficult to conjecture anything about the smallest possible order, and possible extremality of the graphs discovered here. It would be somewhat surprising though if no extremal graphs would have nontrivial automorphisms (indeed, the graphs of order 40 discovered in the current work have no nontrivial automorphisms). An exhaustive study of graphs with prescribed automorphisms might lead to the discovery of new, smaller graphs.
The smallest known cubic planar hypohamiltonian graph has 70 vertices [19] . We can hope that the current work inspires further progress in that problem too.
